THE NUMERICAL RADIUS OF A NILPOTENT OPERATOR ON A HILBERT SPACE UFFE HAAGERUP AND PIERRE DE LA HARPE (Communicated by Palle E. T. Jorgensen)
ABSTRACT. Let T be a bounded linear operator of norm 1 on a Hilbert space H such that T" = 0 for some n > 2. Then its numerical radius satisfies w (T) < cos 'n and this bound is sharp. Moreover, if there exists a unit (n+1) vector s E H such that I (TIg) l= cos '+ then T has a reducing subspace (n+1) of dimension n on which T is the usual n-shift. The proofs show that these facts are related to the following result of Fejer: if a trigonometric polynomial f(6) = Zk-!n+i fkeikO is positive, one has If, I < fo cos (n+); moroever, there is essentially one polynomial for which equality holds.
Let H be a complex Hilbert space, possibly finite dimensional, and let T be a (bounded linear) operator on H. The numerical radius of T is w(T) = Sup{I(T4I4)I: 4 e HI} where H, denotes the unit sphere in H. It is well known that r(T) < w(T) < II TI
where r(T) and IITIJ denote respectively the spectral radius and the norm of T. In particular w(T) = JITIJ whenever T is normal. Also, it follows from polarization that w(T) > ITIH.
For all this and much more, see [Hal, ? 18 ] and [Ha2, Chapter 17]. The subject of this paper is the comparison of w (T) with II T I when T is nilpotent, namely when T" = 0 for some integer n > 2. We show in this case that w (T) < 1TIH cos 4+, and equality holds for the n-shift on C'" (cf. Theorem 1). We also show how this is related to a result of Fejer about trigonometric polynomials of the form (c) Let S(t) and w(t) be as above, now with 0 < t < 1 . It is easy to check that w (t) < cos n+E . Let (t,),>I be a strictly increasing sequence of positive numbers converging to 1. Consider an operator on an infinite dimensional Hilbert space which is the orthogonal sum of the S(t,)'s. Such an operator shows that the hypothesis that T attains its numerical radius cannot be omitted in Claim (2) of Theorem 1. Its recent popularity is due to the work of V. Jones on index for subfactors and all that [Jon] , but it appears in many other domains, such as the elementary geometry of regular polygons [Cox, Formula 2.84], graph theory or Fuchsian groups [GHJ] , to mention but a few.
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